ABSTRACT. A binary liquid that undergoes directional solidification is susceptible to morphological and solutal-convective instabilities that cause the solid/liquid interface to change from a planar to a cellular state. This paper outlines results of an integrated analytical and numerical study of a particular long-wave equation that describes the weak effect of convection on the evolution of interface morphology.
Introduction
It is now well established that, in the unidirectional solidification of dilute binary mixtures, changes in the morphology of the solid/liquid interface and convection in the liquid phase are two of the main controlling factors in determining the homogeneity of single crystals grown from the melt.
These features occur because the equilibrium solute concentration in the liquid is different than that in the solid. This results in a region of light-solute-rich (or heavy-solutedeficient) melt near the solid/liquid interface. For growth of the crystal to proceed, diffusion must act to reduce the solute excess (or deficit). For a given temperature gradient and bulk solute concentration in the melt, there is a critical pulling speed above which diffusion acts too slowly, and the planar interface breaks down into a spatially-periodic structure. Moreover, if the process takes place in a gravitational field, baroclinic motions and/or convective instabilities may occur.
The degree of difficulty of the mathematical problem has necessitated the formulation of simplified models in order to gain theoretical understanding of interfacial-pattern formation. By further restricting attention to special distinguished limits, reductions in the dimensionality of the problem and, more importantly, its complexity may be achieved. This approach has been used, for example, [4, 5] , who all focused attention on parameter ranges in which morphological instabilities first develop to disturbances with asymptotically small wave numbers. Whether the underlying assumptions are met in practice is difficult to justify a priori: the use of the model for quantitative analysis needs to be examined for each specific material.
Results
We have studied a strongly nonlinear, time-dependent, two-space dimensional equation governing the evolution oflong-wave interfacial displacements from planarity, h. This equation arises in a large-surface-energy, small-segregation-coefficient limit [5] , where gravitational instabilities are absent and the flow is purely baroclinic:
where k is a scaled segregation coefficient, M is a morphological parameter, r is a solutal Rayleigh number (scaled by a factor involving the Schmidt number), and a surface-energy parameter has been scaled out. Given that regular interfacial structures having the form of rolls and hexagons have been found experimentally [6] , it is natural in a theoretical study to work relative to a regular lattice that accommodates such structures. In [7] , we did this and showed that the bifurcation structure of the equation near the onset of linear instability is equivalent to that of a codimension-one normal form. Examination of the bifurcation structure of this normal form indicated that three-dimensional solutions may correspond to interface patterns that are hexagonal in appearance, although not necessarily hexagonally symmetric, and led to an explanation for the development of hexagonal interface patterns. In common with problems having perfect hexagonal symmetry [8, 9] , local analysis revealed that there is no stable solution in the neighbourhood of the critical value for linear instability. We speculated, however, that a solution branch stabilized at a limit point (outside the range of validity of a local bifurcation analysis) giving rise to a physically realizable fully-nonlinear hexagonal interfacial pattern. This conjecture was consistent with the work of Brattkus and Davis, but required numerical validation.
To determine nonlinear steady solutions, we have used ENTWIFE, a state-of-the-art computer code which discretizes the system using a finite-element method and employs modern developments in numerical bifurcation and continuation theory. This work is continuing, but we have confirmed the existence of strongly nonlinear hexagonal patterns. The family of patterns is very similar to that found by McFadden et al. [10] . We are also systematically investigating models lacking the full hexagonal symmetry. A complete report of this work will be made in a later paper.
